EML 5526 Finite Element Analysis & application Alexander McGhee
Homework 1
Problem 1) Rewrite the following equations using index notation

a) The equilibrium equations for static 2D elastic structures:
O0Tyy OTyy

0
dx dy
ot ot
X L2V g
dx dy
Solution
define : x; {x,y = 1,2}
Iy =12 & =12
5 =0 =12 &j=12)
Or more compact
75, =0 {i=12 &j=12}
Proof

Wheni=1 & j=1
O0Tyx
dx

Wheni=1 & j=2

Due to the implied sum

0
0x dy
Wheni=2 & j=1
0Ty
dx
Wheni=2 & j=2
0Tyy
dy
Due to the implied sum
0Tyx 0Ty, o

6x+6y_
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b) The convection diffusion equation:
U-VT = aV?T
Where, T is a scalar field, U is a 3D vector field and « is a scalar constant

Solution
Uin Uz Uss
U=|(Uz;1 Uy Us|=U; {i,j=123}
U3y Usy, Uss
(0T
dxq
AN P/ PO . K S
_8x1x1 8x2x2 8x3x3_ x, [ dx; Y= L= L= Ls
oT
\0x53/
(02T
dx?

V2T o +62TA +62TA <62T> T, T;% T; {i=123}
o =a X x X )|=al{—p=a—Z%x; =aT;x; = aT;; {i =1,2,
ax2" "t ax? 2 dx2 3 0x2 ax? ™" T H

0%T
\dx2)
T _ P oy
Le— = i=1,2,
y axi axl-z

Uij . T,i = aTii {l = 1,2,3}
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Problem 2)
The rigid blocks shown in Fig. 1 are connected by linear springs. Assume that only horizontal displacements are
allowed. (a) Write the element equations [Kjl{Dj}={R;} for each spring element assuming the spring stiffness is k;
(b) Assemble the element equations to form a global system equation [K]{X}={F}

l—b 13

F;
—
;=0
Connection Table
Element LN 1 LN 2
1 1 3
2 1 2
3 1 3
4 2 3
a)
[ 1 —17 (U1 _ _Fkl
kg 1.{u3}_ Fiep
1 —17(U1) _ (—Fk2
k2| 4 1.{uz}_ Fy,
1 —17 (U1 _ _Fkg
ksl 4 1.{u3}_ Fi3
1 —17 (U2 _ —Fyy
fal 4 1.{u3}_ Fia
b)

Use Connection Table to create matrix

ky+ky+ ks  —k; =k — ks (W —Fy1 — Fio — Fie3
—k, ko + ky —k, {uz} = { Frz — Fia }
_kl — k3 —k4, k1 + k3 + k4 u3 Fkl + Fk3 + Fk4—

Use Boundary conditions
u1 = 0
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k2+k4 _k4 ]{uZ}z{ FkZ_Fk4 }
_k4 k1+k3+k4 +Fk1+Fk3+Fk4

Force Balance

F3 =Fyq + Fi3 + Fy
Fy = Fyy — Fy

kz + k4 _k4_ ]{uz} _ {Fz}
_k4 k1 + k3 + k4_ u3 - F3

Substitution

Solution
( Fy(ky + ks + ky) F3ky
) ko(ky + kg) + ky(ey + Ky + k3) kl(kz + ky) + koks + ky(ky + k3)
_{ F3(ky + k4) Faky }
Uy (ke + k3) + ka(ky + ky + k) kl(kz + ky) + koks +ky(ky + k3))
Problem 3)

Consider the electrical network shown in Fig.3. The equation of a single resistance can be written as:
R

1 L
1 — f\\/\/\,\_. 2 R\/\ /\ /\/\ g\/ VAAN ;—1va I

© ) in'\“/ >qu

2 _’\Q;\/\_}

a) Write the stiffness matrix for a single resistor element, and express the equation as:
[KI{V} = {1}
For a resistor network The “stiffness” relates to Ri
j
The “displacement” relates to (V; — V)
The “Force” relates to current [

Therefor the stiffness matrix would be
[ 1 —1] {VLNl} I
VLNZ -

)
b) Connectivity Table

=
-
N

Element L

=

V| |N[O(Ln|(b|lW|N

olun|b|d(d|NwWlw|N[R|Z2
NN [([N|ojn|ln|lu|d|lw[Nn |2

=
o
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c) Assemble the stiffness matrix and write the system of equations

[Ri' —RT'+ R:! 0 0 —R51! 0 0 1

—RiY  R{Y+R;! —R3! 0 0 0 0 ( 1 ( L+ 12 +1s 1
0 —R;'  RZ'+RyT+Ry! —R3? —R;? 0 0 IV3 [
0 0 —R37! R3'+R;'+R;' + R —R;1! —R;1 —R3! { } { “Ltlg+1l;+1g }

| o —R3t —R;! —Rg1! R;'+R3'+ R+ Ryt 0 —Ry1! [ | —ly—Is=Ig+1s |

E R e T ) [
0 0 0 —R3! —Ry! Ry R3' + Ry + Ry} Vs —lg—1Ig— Iy

d) Apply boundary conditions
Voltage at node 6 =0

V6 - 0
The sum of all currents at a node is 0

[ R —R;? 0 0 0 0 v, I
—R7Y R{'4+R;'4+R:? —R;?! 0 —Rs! 0 JVzl (0\
0 —R31 R+ R3' + R —R3? —R;? 0 v =J 0 L
0 0 —R31! R3Y+ R+ R;Y + R3? —Rg1! —R3?! Val 10 I
0 —R;? —-R;! —-R;* Ry'+Rs'+ R+ R3? —R31 l\VSJ lo J

0 0 0 —R3? —R31 Rzl + Ry + Ry V7 0

e) Using MATLAB with R; = 200, I = 0.1 (4) to solve | get

Vi (47.27)
V, 27.27
V3 _J18.18L
Vol ) 109

) (s3]

f)  Compute the current through elements 7 & 10. What is the current flowing to the ground at node 6.

1
[=—
R
I _Vr_ 909—004545,4
10 =% = 200 (4)
I—V4— O'9—00545/1
7T R T 200 (4)

Because the current going to the ground must be a combination of the other two currents coming into node
6, the current flowing to ground is

Igrouna = 0.04545 + 0.0545 = 0.1



